The method pioneered by Ruffini and Bonazzola (RB) to describe boson stars involves an expansion of the boson field which is linear in creation and annihilation operators. In the nonrelativistic limit, the equation of motion of RB is equivalent to the nonlinear Schrödinger equation. Further, the RB expansion constitutes an exact solution to a non-interacting field theory, and has been used as a reasonable ansatz for an interacting one. In this work, we show how one can go beyond the RB ansatz towards an exact solution of the interacting operator Klein-Gordon equation, which can be solved iteratively to ever higher precision. Our Generalized Ruffini-Bonazzola approach takes into account contributions from nontrivial harmonic dependence of the wavefunction, using a sum of terms with energy k E 0 , where k ≥ 1 and E 0 is the chemical potential of a single bound axion. The method critically depends on an expansion in a parameter ∆ ≡ 1 − E 0 2 /m 2 < 1, where m is the mass of the boson. In the case of the axion potential, we calculate corrections which are relevant for axion stars in the transition or dense branches of solutions.
Introduction
Self-adjoint scalar particles, including axions [1, 2, 3, 4, 5, 6, 7, 8] , can form condensates known as boson stars which possibly contribute to dark matter. 1 There are several approaches one can use to describe these condensates. Ruffini and Bonazzola (hereafter, RB)
[10] developed a relativistic approach, which solved the problem of non-interacting bosons in their own gravitational field. In the ground state, restricted to rotation-symmetric objects, a solution for the boson field was found in the form Φ RB = R(r) e −i E 0 t a 0 + e i E 0 t a † 0 ,
where m is the mass of the axion, E 0 < m is its chemical potential, and a 0 (a † 0 ) is the corresponding annihilation (creation) operator. For noninteracting bosons, the number operatorN = a † 0 a 0 commutes with the mass operator,
where T ν µ is the stress-energy tensor. This implies that the number of bosons is conserved. Boson stars can only contribute to dark matter if they are sufficiently long-lived; it is thus important to distinguish the ways in which a boson star might be unstable.
First, there can be solutions of the equations of motion which correspond to maxima (rather than minima) of the energy. These are unstable to either collapse or expansion, depending on how they are perturbed; we refer to this as structural instability.
2 Second, if the constituent bosons are real scalars, their number is not conserved, and such boson stars can decay through self-interactions [36, 37, 38, 39] (or potentially to Standard Model particles, if the two sectors are coupled); if the decay rate is sufficiently fast, we call this decay instability.
The RB operator of eq. (1.1) is a solution to the operator Klein-Gordon (KG) equation
for non-interacting bosons. The same operator was applied to interacting boson stars with the axion potential first by Barranco and Bernal [28] . Shortly after, we undertook a systematic study of dilute axion stars [29] , which are defined as having low central density as characterized by weak field strength, X(r) = 2 √ N R(r) / f 1, where f is the decay 1 For generic boson stars, see [9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21] ; for the specific case of axion stars, see [22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35] 2 In the context of astrophysical bodies, this is often referred to as gravitational stability; however, there are situations in which gravity can be decoupled and yet a similar instability arises through other interactions. For this reason, we have chosen to use a more generic term.
constant of axions and N is the number of axions. We found that all physical quantities depended on an important scaling parameter
and we calculated the most important properties (mass, radius, density) of axion stars under the assumption of small binding energy.
Our final aim is a systematic study of boson stars, including those with relatively large binding energy. One reason for this is the application to axions, to accurately describe all possible axion star states, which can exist in a number of distinct forms. In the dilute axion star region, the scaling parameter ∆ satisfies ∆ O(f / M P ), where M P is the Planck mass [29] . When ∆ is increased above this point, the metastable dilute axion star becomes unstable as the mass of the star reaches a maximum value. However, a dense state [31] also exists in the range ∆ = O(1), with much smaller radius R a ∼ m −1 . The well-known methods, most prominently the nonrelativistic Gross-Pitaevskii (GP) and RB methods, break down in this region because the field values and the binding energy are both large, giving rise to important relativistic corrections.
The central problem is that as ∆ increases, the ansatz (1.1) becomes more and more unreliable. The leading order KG equation for the wavefunction R(r), which is equivalent to the GP equation in the nonrelativistic limit, becomes inadequate. Unlike the model discussed in [10] , in the presence of self-interaction terms the operator equation of motion is not solved exactly by (1.1); self-interactions give rise to nontrivial contributions from special relativity at large binding energies. In particular, it becomes inappropriate to assume the field is dominated by a single harmonic time dependent expression. Rather, one must include in the wavefunction terms corresponding to higher-order harmonics, e i k E 0 t with k > 1; this point was made recently in [34] , and a first attempt to do so was presented in the context of the GP equation there.
In this note, we point out that the RB method must be amended by relativistic corrections in interacting theories. With these considerations in mind, we present our work based on the RB formalism, in which we use a consistent expansion in ∆ that takes these higher harmonics into account; we refer to this method as a Generalized RuffiniBonazzola expansion, or GRB. Such an expansion is possible in part because off-diagonal elements in the operator KG equation are proportional to increasingly large powers of ∆ < 1. In this framework we can accurately describe scattering states as well, allowing a consistent description of boson star decay, which we leave for Part 2 of this work.
This paper is organized as follows. After describing the relevant equations in the most general terms in Section 2, we present the GRB approach for calculating bound state wavefunctions in Section 3; we do so in a model-independent way by evaluating expressions in terms of a general self-interaction potential V (Φ), and we also use a Φ 4 interaction as an illustrative example. We specialize to the case of the axion potential in
Section 4, where we analyze the leading relativistic corrections in GRB on the structure of axion stars. We test the structural stability of all of our solutions using a perturbation analysis in Section 4 as well. We conclude in Section 5.
We will use natural units throughout, where = c = 1.
Bosonic Condensates
In general, a boson star is supported by a balance of kinetic, gravitational, and selfinteraction forces. In this work, unless otherwise specified, we will neglect the effect of the self-gravity of the boson star, though its inclusion should not in principle affect the formalism in any important way. Introducing weak gravity would not be difficult, but the notations are more cumbersome. On the other hand, in some applications no stable state exists without the inclusion of gravity, e.g. for repulsively interacting bosons. To make the presentation clearer, for now, we will ignore this complication.
We begin with the action of a real scalar field, which is
The corresponding Hamilton operator (integral of T 0 0 ) is
We will begin by working with a general potential V (Φ) to make some of the results more transparent, as well as more general. The axion instanton potential
is just one particular choice.
The quantum variational equation of motion for Φ derived from eq. (2.1) is
The full spectrum of states denoted by Φ can be written as
where Φ b (Ψ) denotes the bound (scattering) state contribution. In Φ b , we will assume perfect N -particle condensate of particles in the ground state, which is valid at zero temperature. Then we can expand the operator KG equation using a collection of these N -particle states, denoted However, a nontrivial self-interaction potential spoils this conclusion, as we will explain below. In the next section, we describe our Generalized Ruffini-Bonazzola (GRB) method and show that it provides an iterative solution to the interacting field theory for boson stars.
The scattering state operator Ψ produces quanta with energy E p > m and which are thus not bound to the boson star. These quanta give rise to a decay rate for boson stars formed from Hermitian scalars, as is the case for axions. In [36, 39] , we parameterized these scattering states by free spherical waves; this is altogether appropriate far from the star and is only perturbed by binding energy contributions inside the star, which are small when the star is dilute. This simplification breaks down for more strongly bound boson stars. We will show how scattering states can be included self-consistently within our GRB analysis in Part 2 of this work.
3 Solution for the Bound States
General Framework
In this section we analyze the bound state contributions to the KG equation, eq. (2.4).
Satisfying the operator KG equation for the bound state is equivalent to satisfying the simultaneous equations
for all integers k. We choose to focus on k > 0, for a number of reasons. First, expanding the field around Φ b = 0 justifies using M 0 = 0. Further, the equations for −N < k < 0 are equivalent to those of 0 < k < N , so we can safely ignore k < 0. We will see that the parameterization of eq. (3.1) gives N ≫ 1 correction terms to the nonrelativistic limit, an approximation which will be applicable far beyond any practical application.
In the case of a trivial interaction potential V (Φ) = m 2 Φ 2 / 2, the operator equation The simplest solution is to generalize Φ RB , such that it contains additional terms with higher powers of of a 0 and a † 0 . Thus we introduce the Generalized RB (GRB) operator:
It is easy to see that the k = 1 contribution is the original RB ansatz, but the full GRB expansion includes an infinite series of higher harmonics. There is no need to introduce terms with mixed products of a 0 and a † 0 , because in expectation values in a condensate at large N , the commutator [a † 0 , a 0 ] can be neglected andN = a † 0 a 0 can be replaced by its eigenvalue N . In the large N limit, terms containing mixed products can be reduced to terms with powers of a 0 or powers of a † 0 only. The set of equations (3.1), along with the GRB solution (3.3), contain all relevant corrections coming from special relativity. By comparison with the GP equation, we can see that these corrections come in two forms: first, the expansion of (3.3) takes into account the interference of higher-order harmonics in the field, usually neglected in the nonrelativistic limit; and second, the KG equation contains a second derivative in time.
Note that this second time derivative term contains important relativistic corrections which do not appear the GP equation, and cannot be neglected beyond the nonrelativistic limit.
In this work, we will represent time derivatives explicitly in terms of the chemical potential E 0 , as in the original works on boson stars [9, 10] . Alternatively, one can exchange higher-order time derivatives for spatial derivatives using the equations of motion [40, 41, 42, 43] . Such choices merely reparameterize the problem, and in the analysis of static bound states, any physical results should be equivalent.
Using the GRB operator (3.3), we can rewrite the KG expectation values (3.1) as
where we have defined the interacting part of the potential
Now to solve (3.4) by finding the coefficient functions R k (r) may seem like an impossible task for a general potential V int (Φ). To derive equations for coefficients R k one has to simultaneously satisfy M k = 0 for all k ≥ 1. We illustrate how this procedure can indeed lead to a tractable expansion through the use of an example.
Example: Quartic Potential
Let us consider a quartic potential
It gives a cubic term in V (Φ b ), which contributes to M k+1 any term which is a product
the potential is an even function of Φ b in this case, without loss of generality we can set M 2j = 0; however, the odd-numbered equations M 2j+1 = 0 still constitute a very large set, which must be solved for many coefficient functions R 2j+1 .
To see how such this procedure can be made tractable, consider the restricted expansion of eq. (3.3) up to k max = 3. For the quartic potential in eq. (3.5), this implies we will have to solve for the coefficient functions R 1 and R 3 . Substituting the GRB bound state expansion (3.3) into (3.4) we obtain the following leading order equations, M 1 = 0 and M 3 = 0, for k max = 3:
where we introduced the rescaled wavefunctions
Following our previous work [29] , we can rescale both the leading order wavefunction This identification is crucial, and gives rise to a well-defined expansion in ∆. To make explicit the truncation of the series in ∆, we will use the notation that M
The leading order expression of eq.
this order, Z 3 does not couple to Z 1 in eq. (3.6) at all. To be sensitive to a nontrivial backreaction of Z 3 on the leading order wavefunction Z 1 , we must keep terms in eq. (3.6) at least to order ∆ 5 ; the result for M
Observe that although the potential for Φ b contained at most a quartic term, corrections generate perturbatively an effective interaction potential for Z 1
which includes a Z 1 6 interaction. This potential is relevant for calculating the 3 → 3 scattering cross section in a boson star, through a Feynman diagram which has an internal axion line with energy 3 E 0 .
Taking into account the backreaction of Z 3 on Z 1 can be thought of as integrating out fast oscillating modes with frequency 3 E 0 . This is the view taken by [38] , who integrate this mode out to find the effective potential for the nonrelativistic component of the field
(proportional to what we call Z 1 ). We have checked that the effective potential generated by our method agrees with their result up to O(Z 6 1 ).
We can extend this procedure to ever higher corrections Z k (r) to the wavefunction.
In particular, the fact that
holds is what allows for a consistent expansion in ∆. One can solve (2.4), considering more and more equations M 1 = 0, M 2 = 0, ... and finding wave functions R 1 , R 2 , ... one by one, in ever increasing precision, as R k ∝ ∆ k will rapidly decrease with k.
It is important to emphasize the following fact: The above described procedure implies that GRB is not merely an ansatz; it provides an iterative solution to the operator equation of motion (2.4). The leading order approximation is RB, but higher-order corrections are organized as a series in the parameter ∆ < 1. GRB, with a cutoff at k = k max , solves the
This method can be used to systematically study strongly-bound boson stars, like the dense axion stars considered recently in the literature [31, 32, 33, 34, 35] . Such states correspond to large values of ∆, even up to ∆ = O(1), but since ∆ < 1 always holds, the solutions can still be found to ever higher precision using our expansion method and the GRB procedure presented here. We will set up a minimal example of this application in Section 4.
Note also that equations very similar to (3.6) and (3.7) were derived in the nonrelativistic analysis of axions by [34] . These authors emphasize that, for dense or strongly-bound stars, the "single harmonic" method (i.e. the leading order RB or GP equation) breaks down, and an expansion in higher harmonics is needed. Here we have presented just such an analysis, which includes corrections at all orders in special relativity, and which can be solved self-consistently as a power series in ∆.
A further strength of our method is that we can include also scattering state contributions. These states couple to the bound states and give rise to decay processes of boson stars, and in this method we can calculate the rates for specific processes at each order in ∆, as we will describe in a future publication.
Application to Axion Stars
The framework we outlined above is generic, and can be applied to any boson star.
Nonetheless, this work is in part motivated by an attempt to characterize all possible bound states of axion particles. In this section, we specialize to the case of the axion instanton potential, eq. (2.3).
The case of axion stars at very weak binding ∆ 1 is well understood [18, 19, 20, 21, 28, 29, 30, 34] . Those states which have ∆ f /M P are metastable, whereas structurally unstable states exist for f /M P ∆ 1; these have become known as the "dilute"
and "transition" branches of axion stars, respectively. The critical point ∆ c ∼ f /M P is the position of the maximum mass of weakly bound axion stars, which is M max ∼ M P f /m [18, 19, 29] . As we have shown previously [36] , the effective gravitational coupling
, and so this critical point also signifies that the gravitational interaction decouples on the transition branch, when κ 1 (see also Section 4.1). A similar point was made recently by [34] .
However, at even larger values of ∆ = O(1), the leading order equation of motion has another solution which is expected to be structurally stable, dubbed a "dense axion star"; such solutions were originally found through numerical integration of the GP equation [31] , but are also accessible using a variational method [32, 33] . Analysis of these dense states has since become a strong driver of recent axion star literature [34, 35] . One concerning fact is that such states correspond to large field values, giving rise to large corrections to the GP and RB methods. Calculations of dense axion star properties using these methods rests on a somewhat unstable foundation.
It is important to point out that particle number N is not a good quantum number for axions, as they are real bosons. If axions are produced in coherent states, this would also imply a nonzero spread in the particle number distribution. Nonetheless, when ∆ 1, the distribution is strongly peaked at the mean value of N = N , and so the use of |N states to describe such axion stars is appropriate. At masses smaller than the maximum M max = m N max , a single value of N corresponds to a state on both the dilute and transition branches of solutions. In the nonrelativistic GP formulation, there is also a corresponding state on the dense branch [32] , though the dispersion is much more significant on this branch.
Related to the use of N as a quantum number is the decay rate of axion stars through number-changing self-interactions. We have shown previously [36, 39] that in limit ∆ 1, the decay rate of dilute or transition stars is strongly suppressed by a factor of roughly e −1/∆ ≪ 1. This rate can become important, for example, in the case of collapsing dilute axion stars [32, 44, 45] . The question arises, whether dense axions stars are also stable against decay. To examine that question we need to extend the investigation of [36, 39] to larger values of ∆. As a first step, this work will advance a precise characterization of the bound state configurations; in a forthcoming companion work, we will show how to couple them to scattering states which give rise to decay. 
where X k (r) = Z k (r)/f , with Z k defined in eq. (3.8), 3 and b(r) a rescaled Newtonian gravitational potential (defined below). It is important in this regime to include the effect of gravity, as well as the quartic self-interaction coupling λ = −m 2 /f 2 . Following our previous work [29, 36] and the discussion in Section 3, we rescale the coordinate and wavefunction by
which gives the simple expression
where the gravitational coupling κ = 8π f 2 /(M P 2 ∆ 2 ), and the gravitational potential is
The solutions of eq. (4.3) are well known [18, 19, 29, 34] ; the mass is calculated by eq. (1.2) taken to the relevant order of ∆, and following the conventional notation, we define the size of an axion star as R 99 , the radius inside which 0.99 of the mass is contained. We depict these results by the solid blue, green, and yellow lines in Figure 1 for different choices of axion decay constant f . The maximum mass in this region is given approximately by M max ≈ 10 M P f /m, which also marks the transition to ∆ f /M P (at smaller radii), at which the gravitational coupling κ 1 implies that gravity decouples.
These results have been reported numerous times. 
Corrections from
We now compute the leading-order corrections in the GRB equations, which arise at O(∆ 3 ); solutions at this order depend on two wavefunctions R 1 and R 3 in eq. (3.3), and we can truncate the potential at O(Φ 4 ). 4 At large enough values of ∆ (where corrections at this order can be important), gravity can be safely ignored. Neglecting the effect of gravity and truncating the potential at O(Φ 4 ) corresponds to solutions in the transition region. Although these states are known to be unstable to collapse under perturbations [32, 33, 46] , they nonetheless serve as a simple illustration of the GRB method.
Because we truncate at O(Φ 4 ), we may simply use the results of Section 3 to find the equations of motion describing the bound state; the two equations needed for finding R 1 and R 3 are the two "least off-diagonal" matrix elements of (2.4). The result for M
Note that these equations were also derived using a nonrelativistic analysis in [34] , although our method offers the quantitative advantage of a systematic expansion in a small parameter.
Next we can rescale the fields and the coordinates, as usual [29, 36, 39] using eq. (4.2), and solve (4.5) by iteration, to get in leading order of ∆
Eq. (4.6) has a unique solution for Y 1 (x), such that it is regular at and near the real axis, even, and satisfies Y 1 (x) < c 0 ∆ e −x [29] . The boundary condition giving rise to the correct behavior is Y 1 (0) = 12.2679, and at large x we have Y 1 (x) ∼ e −x / √ x. Using (4.7),
is also determined exactly at this order in ∆. However, at this order there is no backreaction of Y 3 on Y 1 , and correspondingly, no qualitatively different results compared to Section 4.1.
Corrections at O(∆ 5 ); Dense Axion Stars
Dense axion stars [31] have large binding energies [32, 34] , which impiles ∆ = O(1) can be attained. This is precisely when corrections to the leading order equations become very important. Of course in principle, as ∆ → 1 the GRB expansion becomes less and less effective, as it is an expansion in ∆.
Nonetheless, we can approximate the full solutions by taking the minimum number of terms in the potential necessary to describe the dense configuration. As argued in [32, 33] , one needs to include terms in the potential at least to O(Φ 6 ), which is the first repulsive self-interaction term. In that case the energy is bounded from below. For the GRB parameterization, this means including wavefunctions up to R 5 , and corrections up to O(∆ 5 ).
We describe here how to approximate the dense axion star in this framework. Now the relevant equations of motion for the bound state come from eq. (3.1) with k = 1, 3, 5:
In the spirit of an iterative solution, we can simplify the equations by replacing X 3
everywhere, except in the first term of (4 .9), by the leading-order expression in (4.9): 
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= 0 (4.11)
(4.12)
Once eq. (4.11) is solved for the leading wavefunction Y 1 , then Y 3 and Y 5 can be solved directly. We plot the result for X 1 , X 3 , and X 5 for two parameter choices (∆ = .02 and ∆ = 0.6) in Figure 2 ; these two example points correspond to the circles on Figure 1 .
For illustration, the solutions in the left and right panels were chosen to have close to the same mass, M ≈ 4000f 2 /m, but they lie respectively on the transition and dense branches of the mass/radius curve (see Figure 1) . We observe that the contribution of X 3 is much more significant at larger ∆ (the right panel), and it is nonzero in an O (1) fraction of the volume of the star. The wavefunction is more compact and more concave for the solution in the dense branch.
We wish to calculate the physical parameters from the numerical solutions. The equation of motion for Y 1 , eq. (4.11), can be derived from an effective Lagrangian
(4.14) This allows a simple calculation of the effective mass at the same order in ∆,
This is, of course, the same as the expectation value of eq. (1.2) expanded to the same order. As we have pointed out, X 5 does not contribute to the mass of the axion star at this order, and the contribution of X 3 is to modify the coefficient on the X 1 6 term.
Solving eqs. (4.11), (4.12), and (4.13), we plot the resulting masses and radii as the dashed, red line in Figure 1 , which spans the range ∆ ∈ {10 −7 , 0.69}. At very small ∆ (large R 99 ), we have also included the results of the previous section (equivalent to [29] )
for the dilute branch and the corresponding maximum mass at weak binding (blue, green, and yellow curves for f = 10 9 , 10 11 , 10 13 GeV respectively); on this branch, at the very top of the graph, gravity is an important factor. On the transition branch, where the methods overlap, we find terrific agreement.
We have included solutions in Figure 1 corrections [34] , and so this conclusion is not perfectly robust. The question of whether an endpoint exists for the mass of dense axion stars remains an interesting one.
It should of course be noted also that, if dense solutions truly exist at very large masses with a radius R ∝ M 1/3 , then at some point gravity must become important again. Consistency with General Relativity seems to require an eventual approach of axion star solutions to the Schwarzschild radius if M grows much faster than R. Since no current method consistently describes such a region of parameter space, we do not comment further on this scenario here.
Stability
In this section, we will analyze the structural stability of the solutions we have considered.
To do so, we will use a generalized scaling analysis, akin to the derivation of Derrick's Theorem [47] .
To see how this works, we begin with the simple case of dilute axion stars (as in After multiplying the equation by Y 1 (x) and integrating over volume, we can rewrite it as K + N + G + V 4 = 0, where
This equation can be derived from a Lagrangian of the form
Now, a rescaling of the coordinate by x → λx will leave the mass
invariant as long as the wavefunction is also scaled by
is rescaled as
It is the second variation,
that signifies the structural stability of a solution; δ 2 E λ > 0 is a necessary condition for stability, and δ 2 E λ < 0 is a sufficient condition for instability.
We show the result of this analysis in the left panel of Figure 3 , for the parameter choice Derrick's theorem directly applied to boson stars [47] . This situation also applies to the majority of states along the transition branch of axion stars; in that region gravity has decoupled, but higher-order self-interactions have not yet become relevant. In this region, we find that the solutions are unstable, in agreement with other works [18, 19] .
Another special case is bosons with gravitational interactions only. This is the case studied by Ruffini and Bonazzola [10] . Then eq. is stable if we neglect the X 1 3 term completely.
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We may apply a similar analysis to our GRB solutions to the system (4.11). We begin by rewriting eq. (4.11) as K + N + V 4 + V 6 = 0, using eq. (4.16) and defining
Then the total mass in eq. (4.15) is
5. × 10 -9 1. × 10 -8 2. × 10 Under a rescaling x → λ x, it is no longer so straighforward to rescale Y 1 → µ Y 1 in a way which leaves M invariant.
We can however derive scaling relations order by order in ∆. We will define λ as a power series in ∆, 24) where λ i are dependent on µ. Then after applying x → λ x and Y 1 → µ Y 1 , we can write
(4.25)
Then we can solve order by order for the components of λ, using the following equations:
These equations are solved as
Under a rescaling of this kind, M remains constant under rescaling at O(∆ 4 ).
As before, after rescaling the Lagrangian of eq. (4.14), we verify that δL ≡ ∂ µ L µ=1 = 0 for our solutions. We plot the second variation δ 2 L in Figure 3 and find that above ∆ ≈ 0.27, the solutions are again structurally stable. This corresponds to the crossover from the transition branch to the dense branch of axion star solutions, and is very near to the position of the local minimum of the mass, which is roughly M min ≈ 463 f 2 /m.
Previous works using the single-harmonic equation of motion have concluded that states on the dilute and dense branches are structurally stable, whereas states on the transition branch are unstable [18, 19, 32, 34] . We conclude from the perturbation analysis of our solutions at O(∆ 5 ) that this result is robust; this is important because, on the dense branch, the stability might have been affected by the higher order corrections we calculated here. We have only considered perturbations on Y 1 , whereas a more general analysis would require independent perturbations also on Y 3 and Y 5 ; there could be directions in this space which are unstable. We leave such a general analysis to a future work.
Conclusion
Previous work on boson stars has been dependent on the (often tacit) assumption that the binding energy of the constituent bosons is small. Such stars are well described by a nonrelativistic analysis where the field has a single harmonic dependence on the particle eigenenergy E 0 . However, as stars become denser, their binding energy grows and corrections to this simple picture become important. A related problem is that for self-interacting theories, the operator Klein-Gordon equation is not exactly satisfied by a single wavefunction with harmonic time dependence.
Building on the seminal work of Ruffini and Bonazzola [10] , we have presented a general analysis method which solves these problems. The Generalized Ruffini-Bonazzola (GRB) operator in eq. We also applied the GRB framework to the case of the axion potential, eq. (2.3). The leading attractive self-interaction enters at O(Φ 4 ), though the full potential contains in an infinite series of interaction terms with alternating signs. 7 Solutions to the equations of motion for an axion star enter on three distinct branches: "dilute", where gravity is important; "transition", where gravity decouples and the leading self-interaction is dominant; and "dense", where higher order self-interactions become of comparable order.
These three regions can be viewed as different limits of the parameter ∆:
Of course, ∆ < 1 always obtains for axions which are bound to the axion star.
At the order we have computed here, the differential equation has a single free parameter, which can be chosen as M , ∆, central density Y 1 (0), etc. We choose to set ∆ by hand as a numerical convenience, because it is used as an expansion parameter and because all physical quantities are one-to-one functions of ∆. Once ∆ is fixed, there is a single Y 1 (0) which gives a solution that goes asymptotically to 0 as x → ∞, and the mass is also fixed by this solution. To the extent that N is a reasonable physical quantity (at least at weak binding), it is easy to calculate from the solution as well. These physical quantities are all mutually dependent.
Expanding the axion potential to the leading repulsive order, O(Φ 6 ), we analyzed the crossover between the transition and dense branches of axion stars. In the context of GRB this implies evaluation up to O(∆ 5 ) and solution for three wavefunction components R 1 , R 3 , and R 5 . We found with high precision the position of the crossover at ∆ ≈ 0.27, which corresponds to a local minimum of the mass at M min ≈ 463 f 2 /m. A full characterization of the dense branch to very large masses would require an even higher order expansion, which is beyond the scope of this work.
Finally, we have examined the stability of axion star solutions using a perturbation analysis of the leading order wavefunction R 1 . We confirm that structural stability is obtained on the dilute and dense branches of solutions, whereas the transition states are unstable. A more general analysis would require independent perturbation of the higher-order component wavefunctions R k>1 , a task which we postpone until future work.
We have indicated throughout that the bound state solutions to the Klein-Gordon equation should be supplemented by a collection of scattering states as well. Such scattering states give rise to decay processes by which bound bosons are converted to relativistic bosons through self interactions [36, 39] . A description of these scattering states can be obtained consistently within the GRB framework, and as with the bound state solutions, the decay matrix elements for boson stars can be calculated iteratively as a power series in ∆. We will describe this further in a companion publication, to appear soon.
Note Added
While this work was being finalized, a partially-overlapping work appeared [42] . Their approach to relativistic corrections is based on the Gross-Pitaevskii equation, whereas ours is based on an extension of Ruffini-Bonazzola; we thus believe these methods are likely to be complementary.
